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Abstract
A general method of constructing canonical gauge invariant actions is used to establish
the equivalence between 2D induced gravity and a WZNW system, defined by a difference
of two simple WZNW actions for the SL(2, R) group. The diffeomorfism invariance of the
induced gravity is generated by the SL(2, R) Kac–Moody structure of the WZNW system.
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1. Introduction
A dynamical structure of quantum gravity in 2D, which is induced by string theory,
is of great importance for understanding string dynamics [1]. The induced gravity action
in the light–cone gauge possesses a hidden chiral SL(2, R) symetry [2,3], while in the
conformal gauge it becomes the Liouville theory [4,5]. Having in mind the dynamical
importance of the SL(2, R) symmetry, it is natural to try to understand the way in which
this symmetry is associated to the induced gravity, and, thereby, to the Liouville theory.
In this paper we shall show that the induced gravity action,
S(φ, gµν) =
∫
d2ξ
√−g
[
1
2
gµν∂µφ∂νφ+
1
2
αφR +M2
(
e2φ/α − 1)] , (1)
is gauge equivalent to the SL(2, R) Wess–Zumino–Novikov–Witten (WZNW) system,
S(g1, g2) = SL(g1)− SR(g2) g1, g2 ∈ SL(2, R) , (2)
defined by a difference of two, left and right, WZNW actions (L–R). In the process of estab-
lishing this equivalence, the connection between the SL(2, R) Kac–Moody (KM) structure
of the WZNW system and the diffeomorfism invariance of the induced gravity will become
much more clear.
Our result generalizes Polyakov’s work, who found the connection between the WZNW
action for SL(2, R), and the induced gravity in the light–cone gauge [6]. Similar results
in the light–cone gauge have been obtained in Refs.[7,8], using the methods of conformal
field theory and coadjoint orbits of the Virasoro group, respectively. The same problem
was also discussed in the conformal gauge, in Ref. [9], where the related connection is
used to obtain the general solution of the Liouville theory from that of the WZNW model.
Due to the presence of two simple WZNW actions in (2), we are able to demonstrate the
equivalence of (1) and (2) in a covariant way, fully respecting the diffeomorfism invariance
of the induced gravity.
We shall use the general method of constructing gauge invariant actions based on the
Hamiltonian formalism [10]. The method uses the fact that the Lagrangian equations of
motions are equivalent to the Hamiltonian equations derived from the action
S(q, pi, u) =
∫
dξ(piiq˙
i −H0 − umGm) , (3a)
where Gm are primary constraints, and H0 is the canonical Hamiltonian. If Gm are first
class constraints, satisfying the Poisson bracket algebra
{Gm, Gn} = UmnrGr ,
{Gm, H0} = VmrGr ,
(3b)
2
than the action S(q, p, u) is invariant under the following gauge transformations:
δF = εm{F,Gm} , F = F (q, pi)
δum = ε˙m + urεsUsr
m + εrVr
m .
(4)
Using this idea we shall start with the action (2), make a convenient gauge extension
of this theory by using (3a), and show that the resulting formulation of (2) reduces to (1)
after a convenient gauge fixing .
2. The WZNW model for SL(2, R)
We shall begin by recalling some facts about the WZNW model, described by the
action
SL(g) = S0(g) + nΓ(g) =
n
8pi
∫
Σ
(∗v, v) +
n
24pi
∫
B
(v, [v, v]) . (5)
The first term is the action of the non–linear σ–model for a field g, defined over a two
dimensional spacetime Σ and taking values in a semisimple group G, v = g−1dg is the
Maurer–Cartan one–form, ∗v is the dual of v, and (X, Y ) = 12 Tr (XY ) is the Cartan–
Killing bilinear form (the trace operation is taken in the adjoint representation of G). The
second term is the topological Wess–Zumino term, where B is a three dimensional manifold
with boundary Σ.
Now, we turn our attention to the case of G = SL(2, R). The generators of SL(2, R)
are taken as ta = (t−, t0, t+) = (σ−, σ3/2, σ+), where σi are the Pauli matrices. They define
the structure constants fab
c (f−0
− = 1, f+0
+ = −1, f+−0 = 2), and the Cartan metric
γab = (ta, tb) (with nonvaishing compoents γ−+ = γ+− = 2, γ00 = 1). In SL(2, R), any
group element g admits the Gauss decomposition, g = ext+eϕt0eyt− , where qα = (x, ϕ, y)
are group coordinates in a neighbourhood of the identity,
g =
(
eϕ/2 + xye−ϕ/2 xe−ϕ/2
ye−ϕ/2 e−ϕ/2
)
,
and, also, q’s are the usual fields on Σ, q = q(ξ). With the above expression for g, the
WZNW action for SL(2, R) takes the simple local form
SL(q) = κ
∫
Σ
d2ξ
[
1
2
ηµν∂µϕ∂νϕ+ 2(η
µν − εµν)∂µx∂νye−ϕ
]
, (6)
where κ ≡ n/8pi.
The dynamical structure of the theory (6) is characterized by the existence of two
sets of currents. In the phase space with coordinates (qα, piα), where piα = (pix, piϕ, piy) are
3
momenta canonically conjugate to qα, the left–handed currents J(−)a are given as [11]
J(−)+ = pix ,
J(−)0 = xpix + (piϕ − κϕ′) ,
J(−)− = −x2pix − 2x(piϕ − κϕ′)− 4κx′ + piyeϕ ,
(7a)
while the right–handed ones, J(+)a, are
J(+)+ = y
2piy + 2y(piϕ + κϕ
′)− 4κy′ − pixeϕ ,
J(+)0 = −ypiy − (piϕ + κϕ′) ,
J(+)− = −piy .
(7b)
Using the basic Poisson brackets {qα(σ1), piβ(σ2)} = δαβ δ(σ1 − σ2), one finds that the
currents J(∓)a satisfy two independent KM algebras:
{J(∓)a, J(∓)b} = fabcJ(∓)cδ ∓ 2κγabδ′ , (8)
where δ = δ(σ1 − σ2), δ′ = ∂σ1δ, and {J(−)a, J(+)b} = 0.
In a similar way one can define SR(g) = S0(g)−nΓ(g), whose local coodinate expres-
sion SR(q) is obtained from (6) by changing the sign of the ε
µν–term.
3. Covariant extension of the WZNW model for SL(2, R)
Now, as a preparation for the main problem of proving the gauge equivalence between
the induced gravity and the WZNW system (2), we shall first study the problem of the
covariant extension (with respect to diffeomorfisms) of the WZNZ models (6) and (2) [12].
(A) By using explicite expressions for the KM currents (7) associated to the simple
WZNW model (6), we can construct the related SL(2, R) invariant expressions,
T− =
1
4κ
γabJ(−)aJ(−)b =
1
4κ
[
pixpiye
ϕ − 4κx′pix + (piϕ − κϕ′)2
]
,
T+ = − 1
4κ
γabJ(+)aJ(+)b = − 1
4κ
[
pixpiye
ϕ + 4κy′piy + (piϕ + κϕ
′)2
]
,
(9)
representing components of the energy–momentum tensor. From the KM algebra of cur-
rents we obtain two independent Virasoro algebras for T− and T+:
{T∓(σ1), T∓(σ2)} = −[T∓(σ1) + T∓(σ2)]δ′ . (10)
Now, we wish to construct the canonical action (3a) for a theory in which H0 = 0,
and Gm = (T−, T+) are first class constraints:
LL(q, pi, h) = piαq˙α − h−T− − h+T+ . (11a)
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After eliminating the momentum variables with the help of the equations of motion, and
introducing a change of variables (h−, h+)→ g˜µν ,
g˜00 =
2
h− − h+ , g˜
01 =
h− + h+
h− − h+ , g˜
11 =
2h−h+
h− − h+ , (12a)
with det g˜µν = −1, the Lagrangian becomes
LL(q, h) = κ
[
1
2 g˜
µν∂µϕ∂νϕ+ 2(g˜
µν − εµν)∂µx∂νye−ϕ
]
. (11b)
If we make the identification g˜µν =
√−ggµν , the above expression is seen to represent the
covariant generalization of the WZNW theory; for h∓ = ±1 it reduces to (6).
The transformation properties of g˜µν are consistent with this interpretation. Indeed,
the transformation rules for the multipliers h∓ are
δh∓ = ∂0ε
∓ + h∓∂1ε
∓ − ε∓∂1h∓ . (12b)
Then, after introducing new parameters, ε∓ = ε1 − ε0h∓, one finds
δg˜µν = g˜µρ∂ρε
ν + g˜νρ∂ρε
µ − ∂ρ
(
ερg˜µν
)
, (12c)
which is the diffeomorfism transformation of a metric density.
One should observe that the Virasoro generators T∓ are constructed in terms of the
KM currents (7). This construction yields a simple explanation of how the diffeomorfisms
can be obtained out of the KM structure of the WZNW model.
(B) The next step in our descussion is to combine two simple WZNW actions, as in
Eq.(2), and construct the related covariant extension. The KM currents related to the L
sector, J
(1)
(∓)a, are the same as in (7a, b), while those related to the R sector, J
(2)
(∓)a, are of
oposite chiralities:
J
(1)
(∓)a(q1, pi1) = J(∓)a(q1, pi1) , J
(2)
(∓)a(q2, pi2) = J(±)a(q2, pi2) , (13a)
We also define the energy–momentum tensors of the L and R sectors as
T
(1)
∓ (q1, pi1) = T∓(q1, pi1) , T
(2)
∓ (q2, pi2) = −T±(q2, pi2) . (13b)
It is easy to check that the components of the complete energy–momentum,
T∓ = T
(1)
∓ + T
(2)
∓ , (14)
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satisfy two independent Virasoro algebras (10).
Now, the canonical action in which H0 = 0 and Gm = (T−, T+) has the form
L(qi, pii, h) = pi1αq˙α1 + pi2αq˙α2 − h−T− − h+T+ , (15a)
As in the case (A), the elimination of momenta pi1α and pi2α leads to the result
L(q1, q2, h) = LL(q1, h)− LR(q2, h) , (15b)
in analogy to (11b). It describes the covariant extension of the theory (2). Transition to
the flat space is achieved by h∓ → ±1.
4. Gauge equivalence between the WZNW system and induced gravity
As a final step, we shall now construct a more general gauge invariant extension of
the WZNW system (2), and show that it reduces to the induced gravity action (1) after a
suitable gauge fixing.
We first note that the currents J(∓)a and
∗J(∓)a, defined by
∗J(∓)± ≡ J(∓)∓ ∗J(∓)0 ≡ −J(∓)0 ,
satisfy the same KM algebras. Now, we can use two sets of the KM currents, corresponding
to the L and R sectors of the WZNW theory (2), to define new quantities
I(∓)a = J
(1)
(∓)a +
∗ J
(2)
(∓)a . (16a)
The Poisson bracket algebra between I(∓)a and T∓ has the form
{T∓(σ1), T∓(σ2)} = −[T∓(σ1) + T∓(σ2)]δ′ ,
{T∓(σ1), I(∓)a(σ2)} = −I(∓)a(σ1)δ′ ,
{I(∓)a(σ1), I(∓)b(σ2)} = fabcI(∓)c(σ2)δ ,
(16b)
representing two independent (left and right) semi–direct products of the Virasoro and
SL(2, R) algebras. We see that the currents I(∓)a satisfy two SL(2, R) algebras, since the
central charges of J (1) and ∗J (2) mutually cancell . Therefore, the set (T∓, I(∓)a) can be
taken as a set of first class constraints, needed in the construction of the canonical action.
In the theory (2) defined by a difference of two WZNW actions, one is able to gauge the full
SL(2, R)(−) × SL(2, R)(+) symmetry, whereas for the simple WZNW model for SL(2, R)
this is not possible.
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We display here the complete set of constraints, multipliers and gauge parameters:
Gm = T∓ I(∓)a
um = h∓ A(∓)a
εm = ε∓ η(∓)a
In the canonical theory defined by the full set of constraints, the gauge transformations of
the multipliers h∓ are the same as in (12b), while those of A(∓)a are given as
δA(∓)a = ∂0η
(∓)a + h∓∂1η
(∓)a + fbc
aA(∓)cη(∓)b − ε∓A(∓)a .
For our purposes, it will be enough to consider the restriction of the above theory,
defined by the subset of first class constraints
T∓ , I(−)+ , I(−)0 , I(+)− , I(+)0 ,
representing a subalgebra of (16b). The canonical action of the restricted theory takes the
form
L(qi, pii, h) =pi1αq˙α1 + pi2αq˙α2 − h−T− − h+T+
− A(−)+I(−)+ −A(−)0I(−)0 −A(+)−I(+)− − A(+)0I(+)0 .
(17)
The transformation rules for the multipliers are easily obtained from the general expres-
sions, by imposing the restriction η(∓)∓ = 0, A(∓)∓ = 0.
It is clear that the action (17) represents a generalization of the (L–R) theory (2).
Indeed, if we fix the gauge so that A(∓)± = A(∓)0 = 0, the above theory reduces to (15).
Now, we shall demonstrate that a different gauge choice reduces the action (17) to the
form (1), proving thereby the gauge equivalence between the WZNW theory (2) and the
induced gravity (1).
Let us fix the gauge symmetry corresponding to the first class constraints I(∓)±, I(∓)0,
by choosing the following gauge conditions:
Ω(∓)± ≡ J (1)(∓)± − µ(∓) = 0 , Ω(∓)0 ≡ J (2)(∓)0 − λ(∓) = 0 . (18)
To impose these gauge conditions in the functional integral, we introduce a set of ghost
fields cm = (e∓, c(∓)a), antighosts c¯(∓)a, and multipliers b(∓)a. After introducing the gauge
fermion Ψ in the usual way,
Ψ = c¯(−)+Ω(−)+ + c¯
(−)0Ω(−)0 + c¯
(+)−Ω(+)− + c¯
(+)0Ω(+)0 ,
7
the gauge fixing and the Fadeev–Popov parts in the quantum action are determined by
sΨ =LGF + LFP ,
LGF =b(−)+Ω(−)+ + b(−)0Ω(−)0 + b(+)−Ω(+)− + b(+)0Ω(+)0 ,
LFP =− c¯(−)+
[
sΩ(−)+
]− c¯(−)0[sΩ(−)0]− c¯(+)−[sΩ(+)−]− c¯(+)0[sΩ(+)0] ,
where sX denotes the BRST transformation of X , obtained by replacing gauge parameters
in δX with ghosts. Explicite form of the Faddeev–Popov term is obtained with the help of
sΩ(∓)± = −
(
e∓J
(1)
(∓)±
)′ ∓ c(∓)0J (1)(∓)± ,
sΩ(∓)0 = −
(
e∓J
(2)
(∓)0
)′ ∓ c(∓)±J (2)(∓)∓ ± 2κ(c(∓)0)′ .
The integration over the multipliers A(∓) and b(∓) yields
L(ϕi, piiϕ, h) = pi1αq˙α1 + pi2αq˙α2 − h−T− − h+T+ + LFP
∣∣∣
I=Ω=0
. (19)
To evaluate this Lagrangian it is convenient to rewrite the first class constraints I(∓)± = 0,
I(∓)0 = 0 and the related gauge conditions in the form
J
(1)
(∓)± = µ(∓) = −J
(2)
(∓)∓ , J
(1)
(∓)0 = λ(∓) = J
(2)
(∓)0 .
From here we see that pi1x, pi1y and pi2x, pi2y are constants, therefore the related piq˙ terms
in the action can be ignored as total time derivatives. The above conditions also ensure
that the contribution of the Faddeev–Popov term is decoupled from the rest, so that
the integration over antighosts and ghosts can be absorbed into the normalization of the
functional integral. The calculation of T∓ leads to
κT∓ =
[±(K1∓)2 + 2κ(K1∓)′]+ [∓(K2±)2 + 2κ(K2±)′]∓ 14µ2(eϕ1 − eϕ2) , (20)
where Ki∓ = (piiϕ ∓ κϕ′i)/2, and µ2 = µ(−)µ(+).
As before, we eliminate the remaining momenta by using their equations of motion,
pi1ϕ =
κ
h− − h+
[
2ϕ˙1 + ϕ
′
1(h
− + h+) + 2(h− + h+)′
]
,
and pi2ϕ = −pi1ϕ|ϕ1→ϕ2 , and obtain the effective Lagrangian
L(ϕ1, ϕ2, h) = Λ(ϕ1, h)− Λ(ϕ2, h) ,
Λ(ϕ, h) ≡ κ
h− − h+
{
(ϕ˙+ h−ϕ′)(ϕ˙+ h+ϕ′)+
2
[
(h−)′(ϕ˙+ h+ϕ′) + (h+)′(ϕ˙+ h−ϕ′)
]}
+
µ2
κ
(h− − h+)eϕ .
(21a)
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Now, if we introduce new variables φ and F ,
φ =
α
2
(ϕ1 − ϕ2) , F = 1
2
ϕ2 , α ≡ 2
√
κ ,
the Lagrangian L(ϕ1, ϕ2, h) can be written as a sum of three terms:
L1 = 1
h− − h+ (φ˙+ h
−φ′)(φ˙+ h+φ′) ,
L2 = α
(
ω0φ
′ − ω1φ˙
)
,
L3 = µ
2
α2
(h− − h+)e2F (e2φ/α − 1) ,
(21b)
where
ω0 =
1
h− − h+
[
(h−h+)′ + 2h−h+F ′ + (h− + h+)F˙
]
,
ω1 = − 1
h− − h+
[
(h−h+)′ + (h− + h+)F ′ + 2F˙
]
.
To recognize the geometrical meaning of the action (21b) we now introduce, in addition to
the metric density g˜αβ, Eq.(12a), the determinant of the metric:
√−g = 12 (h− − h+)e2F . (22)
The transformation rule for
√−g is of the correct form. By noting the identity √−g R =
2(∂0ω1−∂1ω0), one finds, after a partial integration in L2, that the final form of the action
coincides with the induced gravity action (1), with M2 = 2µ2/α2.
5. Concluding remarks
The general method of constructing canonical gauge invariant actions is used to prove
that the SL(2, R) invariant WZNW system of the (L–R) type, Eq.(2), is gauge equivalent
to the induced 2D gravity (1).
We first obtained the covariant extension (15) of the (L–R) WZNW theory, working
with the local form of the action, and using the energy–momentum components T∓ as the
generators of the diffeomorfisms. Then, we constructed a more general gauge invariant
action (17), based on the set of first class constraints T∓ and (I(−)+, I(−)0, I(+)−, I(+)0),
where I’s represent a subalgebra of SL(2, R)(−) × SL(2, R)(+). If the gauge symmetry is
fixed in the simplest way, A(∓) = 0, h∓ = ±1, the theory (17) goes over into the original
(L–R) WZNW action (2), while a different gauge fixing of the same symmetry, given by
Eq.(18), leads to the induced gravity action (1). The induced gravity and the (L–R)
WZNW system for SL(2, R) are thus shown to be gauge equivalent.
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